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Abstract. We derive the off-shell nilpotent (anti-)BRST symmetry transformations for the interacting U(1)
gauge theory of quantum electrodynamics (QED) in the framework of the augmented superfield approach to
the BRST formalism. In addition to the horizontality condition, we invoke another gauge invariant condition
on the six (4, 2)-dimensional supermanifold to obtain the exact and unique nilpotent symmetry transform-
ations for all the basic fields present in the (anti-)BRST invariant Lagrangian density of the physical four
(3+1)-dimensional QED. The above supermanifold is parametrized by four even space-time variables z*
(with =0, 1,2, 3) and two odd variables (6 and ) of the Grassmann algebra. The new gauge invariant con-
dition on the supermanifold owes its origin to the (super) covariant derivatives and leads to the derivation
of unique nilpotent symmetry transformations for the matter fields. The geometrical interpretations for all
the above off-shell nilpotent (anti-)BRST transformations are also discussed.

PACS. 11.15.-q; 12.20.-m; 03.70.+k

1 Introduction

The usual superfield approach [3-5,12] to the Becchi—
Rouet—Stora—Tyutin (BRST) formalism (see e.g. [6-9]
for details) for a p-form (with p=1,2,3,...) Abelian
gauge theory delves deep into the geometrical aspects of
the nilpotent (anti-)BRST symmetries (and correspond-
ing nilpotent generators) for the p-form gauge fields and
the underlying (anti-)ghost fields of the theory. To be pre-
cise, under the above approach, the D-dimensional gauge
theory is first considered on the (D,2)-dimensional su-
permanifold which is parametrized by the D-number of
even space-time commuting coordinates z* (with p =
0,1,2,...,D—1) and two anticommuting (i.e. % =02 =
0,00 + 060 = 0) odd variables (f and ) of the Grassmann al-
gebra. After this, a (p+ 1)-form super curvature Ft+1) —

cifl(p) is constructed from (i) the super exterior derivative
d = dz"9), + 90 + df9; (with d*> = 0) and (ii) the super p-
form connection A® on the (D, 2)-dimensional superman-
ifold. Subsequently, this super curvature F+D) jg equated,
due to the so-called horizontality condition [1-5], with
the ordinary (p+ 1)-form curvature F®+1) = dA®) con-
structed by the ordinary D-dimensional exterior deriva-
tive d = dz"9,, (with d? =0) and the ordinary p-form
connection A® defined on the ordinary D-dimensional

2 e-mail: malik@bhu.ac.in

Minkowskian flat space—time manifold on which the start-
ing p-form gauge theory (endowed with the first-class con-
straints) exists.

The above horizontality condition is christened as
the soul-flatness condition in [6], which mathematically
amounts to setting equal to zero all the Grassmannian
components of the (anti-)symmetric tensor that defines
the (p+1)-form super curvature E®+1) on the (D,?2)-
dimensional supermanifold. The process of reduction of the
(D, 2)-dimensional super curvature to the D-dimensional
ordinary curvature (i.e. the equality F®+D = p+1))
leads to the derivation of the nilpotent (anti-)BRST sym-
metry transformation for the p-form gauge fields and the
(anti-)commuting (anti-)ghost fields of the theory'. As
a bonus and by-product, the geometrical interpretations
for the nilpotency and anticommutativity properties of
the conserved and nilpotent (anti-)BRST charges® emerge
very naturally on the supermanifold. However, these beau-
tiful connections between the geometrical aspects of the

L It can be seen that, for the 2-form Abelian gauge theory,
the bosonic and fermionic ghosts do exist in the BRST formal-
ism and their transformations can be derived using the usual
superfield formalism [10].

2 These charges turn out to be the translational generators
along the Grassmannian directions of the supermanifold. Their
nilpotency and anticommutativity properties are also found to
be encoded in the specific properties associated with the above
translational generators (see e.g. [11-16] for details).
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supermanifold and the (anti-)BRST transformations (and
their corresponding generators) remain absolutely con-
fined to the gauge fields and the (anti-)ghost fields. The
above usual superfield formalism [1-5,10] does not shed
any light on the (anti-)BRST symmetry transformations
associated with the matter fields of an interacting Abelian
gauge theory.

It is worthwhile to mention, at this juncture, that the
usual superfield approach has also been applied to the case
of four (34 1)-dimensional (4D) 1-form (A =da"A,)
non-Abelian gauge theory where the 2-form super curva-
ture F® = dAM® 4+ AW A AD | defined on the six (4,2)-
dimensional supermanifold, is equated to the 4D ordinary
2-form curvature F(2) = dA®M 4 AW A AM) (constructed

from d = da*d,, and AV)) due to the horizontality condi-
tion. As expected, this procedure of covariant reduction of
the 2-form super curvature to ordinary curvature leads to
the derivation of nilpotent (anti-)BRST symmetry trans-
formations, associated with the non-Abelian gauge field
and the anticommuting (anti-)ghost fields of the theory
(see e.g. [4]). The matter (Dirac) fields of the interacting
non-Abelian gauge theory are found to play no role in the
above covariant reduction associated with the horizontal-
ity condition. As a consequence, one does not obtain the
nilpotent (anti-)BRST symmetry transformations for the
matter (Dirac) fields by the usual superfield formalism.
The purpose of our present paper is to derive uniquely
and exactly the off-shell nilpotent (anti-)BRST symmetry
transformations for the matter (Dirac) fields of quantum
electrodynamics (QED) in 4D by invoking a new gauge
invariant restriction, besides the usual horizontality condi-
tion, on the six (4,2)-dimensional supermanifold. In this
context, it is worthwhile to point out that, in a recent set
of papers [11-16], the usual superfield approach (with hori-
zontality condition alone) has been extended to include the
invariance of the conserved (matter) currents/charges to
obtain all the nilpotent and anticommuting (anti-)BRST
symmetry transformations for all the basic fields of the
interacting (non-)Abelian gauge theories as well as the
reparametrization-invariant free scalar and spinning rel-
ativistic particle(s). However, the nilpotent (anti-)BRST
symmetry transformations, which emerge due to the lat-
ter restrictions on the supermanifold, were not proved to
be mathematically unique. One of the central themes of
our present paper is to demonstrate that the new gauge in-
variant restriction on the supermanifold (cf. (11)), which
owes its origin to the (super) covariant derivatives, leads to
the derivation of the off-shell nilpotent (anti-)BRST sym-
metry transformations for the matter fields uniquely. It is
very gratifying that the geometrical interpretations for the
(anti-)BRST symmetry transformations and their corres-
ponding nilpotent generators (that emerge especially after
the application of the horizontality condition) remain in-
tact under the above extended version of the usual super-
field approach to the BRST formalism. Thus, there is very
neat mutual consistency, conformity and complementarity
between the above two restrictions on the supermanifold.
We christen our present approach as well as that of [11-

16] as the augmented superfield formalism because (i) all
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these attempts are a set of consistent extensions (and, in
some sense, generalizations) of the usual superfield ap-
proach to the BRST formalism and (ii) the nilpotent and
anticommuting (anti-)BRST transformations for all the
fields of the 4D interacting 1-form Abelian U (1) gauge the-
ory are derived in this superfield approach to the BRST
formalism.

The contents of our present paper are organized as
follows. In Sect. 2, we recapitulate the bare essentials of
the off-shell nilpotent (anti-)BRST symmetry transform-
ations in the Lagrangian formulation for the 4D interacting
U(1) gauge theory (i.e. QED). For the paper to be self-
contained, Sect. 3 is devoted to a brief description of the
derivation of the above symmetry transformations for the
gauge field 4, and the (anti-)ghost fields (C)C by ex-
ploiting the usual horizontality condition on the six (4, 2)-
dimensional supermanifold [4, 11, 12]. The central result of
our paper is contained in Sect. 4, where we derive uniquely
the off-shell nilpotent symmetry transformations for the
matter (Dirac) fields in the framework of the augmented
superfield formalism by exploiting a gauge invariant re-
striction on the six (4,2)-dimensional supermanifold. Its
gauge covariant version does not lead to the derivation
of correct nilpotent symmetries (see e.g. the appendix).
Finally, we make some concluding remarks and pinpoint
a few future directions for further investigations in Sect. 5.

2 Preliminary: nilpotent (anti-)BRST
symmetries

To set the notation and conventions that will be useful
for our later discussions, we begin with the (anti-)BRST in-
variant Lagrangian density £p for the interacting four (3 +
1)-dimensional (4D) U(1) gauge theory (i.e. QED) in the
Feynman gauge® [6-9]:

1 - .
Lp= =7 F" Fu+9 (i7" Dy —m) ¢
+B(6-A)+%Bz—i(9u6‘8“0, (1)

where F,, = 0,4, —0,A, is the field strength tensor for
the U(1) gauge theory and the covariant derivative on
the matter (Dirac) field D,y = 0,9 +ieA, 9 leads to the
interaction term between the U(1) gauge field A, and

Dirac fields ¥ and v of mass m and electric charge e

3 We adopt here the conventions and notation such that
the 4D flat Minkowski metric is nuy = diag (+1,—1,—1, —1)
and O =0 9,0, = (90)* — (01)* — (92)* — (83)*, Foi = Ei =
8 A; —0;Ag = F F;j = —e;ji By, B; = — %€, Fji,, 0" Ay =
OuAr = (0-A) = 09 Ao — 0;A;. Here E; and B; are the electric
and magnetic fields and €;; is the 3D totally antisymmet-
ric Levi-Civita tensor in the space indices. Furthermore, the
Greek indices p,v,...=0,1,2,3 correspond to the space—time
directions on the 4D Minkowskian space—time manifold and the
Latin indices i, j,k,...=1,2,3 stand for the space directions
only.
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(ie. —eypy*A, ). In fact, this term arises through the
term iyy* D, 1 that is present in the Lagrangian density
(1), where v*’s are the 4 x4 Dirac matrices. The an-
ticommuting (CC +CC =0,0? =(C? =0,C¢+4%C =0,
etc.) (anti-)ghost fields (C)C are required to maintain
the unitarity and ‘quantum’ gauge (i.e. BRST) invari-
ance together at any arbitrary order of perturbation
theory?. The Nakanishi-Lautrup auxiliary field B is re-
quired to linearize the gauge-fixing term —%(8-/1)2 in
(1). The above Lagrangian density (2) respects the fol-
lowing local, covariant, continuous, off-shell nilpotent
(s%a)b =0) and anticommuting (spSaep + Sapsy = 0) (anti-
)BRST (5(4)5)® symmetry transformations (see e.g. [6-9]
for all the details)

SbAH—a C, SbCZO,
spC' =1iB, sptp = —ieCY,
sbz/J = —161/10 ssB=0,
=0, 2(0-4)=00, @)
sabA _3 C SabC—O,
sabC = —1B Sapt) = —ieC,
Sabw = —1€¢C sapB =0 y
SabF,w 0, Sab(a-A) =0C.

The noteworthy points, at this stage, are (i) under the
(anti-)BRST transformations, it is the kinetic energy term
(more precisely F),, itself) that remains invariant and the
gauge-fixing term (- A) transforms. It should be empha-
sized that the antisymmetric field strength tensor F),,
remains invariant under the original local gauge trans-
formation (i.e. d;A4, = Ouc(x) with a(z) as an infinites-
imal gauge parameter), too. In fact, all the gauge in-
variant quantities remain invariant quantities under the
(anti-)BRST transformations as well. (ii) The starting
local U(1) gauge invariant theory is endowed with the first-
class constraints in the language of Dirac’s classification
scheme for constraints. These constraints are found to be
encoded in the physicality criteria where physical states
(Iphys >) (of the total Hilbert space of quantum states)
are annihilated (i.e. Q()s|phys >=0) by the conserved
and nilpotent (anti-)BRST charges Q(q); (see e.g. [6-9] for
details). (iii) The local, conserved and nilpotent charges
Q(a)» can be computed by exploiting the Noether theo-
rem. These charges do generate the nilpotent and anti-
commuting (anti-)BRST transformations. This statement

4 The full strength of the (anti-)ghost fields turns up in the
discussion of the unitarity and gauge invariance for the per-
turbative computations in the realm of non-Abelian gauge the-
ory where the loop diagrams of the gauge (gluon) fields play
a very important role. In fact, for each such gluon loop dia-
gram, a ghost loop diagram is required for the precise proof of
unitarity in the theory (see e.g. [7,17]).

5 We adopt here the notation and conventions followed in [8,
9]. In fact, in its full blaze of glory, a nilpotent (6% = 0) BRST
transformation ép is equal to the product of an anticommut-
ing (nC = —Cn,nC = —Cn,mp = —¢m, mp = —1n, etc.) space—
time-independent parameter n and s, (i.e. dg =1 sp) with

sg =0.
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can be succinctly expressed in mathematical form as given
below:

5p82(x) = —1[2(x), Qr], , r="b,ab, (3)
where the local generic field 2 = A,,, C,C,,%, B and the
(4) — signs, as the subscripts on the square bracket, stand

for the bracket to be an (anti-)commutator for the local
generic field (2 being (fermionic) bosonic in nature.

3 Symmetries for gauge and (anti-)ghost
fields: usual superfield formalism

To obtain the off-shell nilpotent symmetry transform-
ations for the gauge field A, and the (anti-)ghost fields
(C)C, we begin with a six ( ,2)-dimensional superman-
ifold parametrized by the superspace coordinates ZM =
(z#,0,0), where z# (1 =0,1,2,3) are the even (bosonic)
space—time coordinates and # and 6 are the two odd
(Grassmannian) coordinates. On this supermanifold, one

can define a 1-form super connection AW = qgzM 4,
where Ay = (Bu(z,0,0), F(x,0,0), F(z,0,0)) are the
component multiplet superfields [4, 3] with B, being
bosonic in nature and F, F being fermionic (i.e. F? = F? =
0). The superfields B, (z,0,0), F(z,0,0), F(x,0,0) can be
expanded in terms of the basic fields A4,(z), C(x),C(z),
the auxiliary field B(z) of (1) and some extra fields as [4,
3,11]

B, (2,0,0) = A,(z)+0 R, (x) +0 R,(z) +16 0S,(x),
F(2,0,0) =C(z)+i0B(x)+i0 B(x)+i00 s(z),
F(2,0,0)=C(2)+i0B(z)+10 B(z)+1600 5(z). (4)

It is straightforward to note that the local fields R, (x),
R,(z), C(x), C(x), s(x) and 5(x) are fermionic (anticom-
muting) in nature and A, (x), Su(x), B(z), B(x), B(x) and
B(x) are bosonic (i.e. commuting) so that, in the above
expansion, the bosonic and fermionic degrees of freedom
match. This requirement is essential for the sanctity of any
arbitrary supersymmetric theory described in the frame-
work of the superfield formulation. In fact, all the sec-
ondary fields will be expressed in terms of basic fields (and
their derivatives) due to the restrictions emerging from the
application of the horizontality condition, namely

(dZM/\dZN) Fryn =dA®M =dA®

= i(dm“ Ndz") F,, , (5)

where the super exterior derivative d and the connection
super 1-form AM) are defined as

d=dZMoy,
= dz"0), + d00p + dOOy ,
AW = qzM 4,,

=dx" B, (z,0,0) + doF (z,0,0) + dOF (z,0,0) . (6)
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In physical language, this requirement (i.e. (5)) implies
that the physical fields E; and B;, derived from the cur-
vature term F),,, do not have any contribution from the
Grassmannian variables. In other words, the physical elec-
tric and magnetic fields (E; and B; for the 4D QED) re-
main unchanged in the superfield formulation. Mathemati-
cally, the condition (5) implies the ‘flatness’ of all the com-
ponents of the super curvature tensor Fasn (derived from
the super 2-form) that are directed along the § and/or 8 di-
rections of the supermamfold To this end in mind, let us
first expand dA®) explicitly as

dAY) = (da" Ndz")(0,B,) — (A0 AdB) (0pF)
+ (dz* N dB)(0,F — 0gB,.)
— (A9 N dB) (0pF + 05F) + (da* N db)
X (0, F — 0pB,,) — (dO A df) (95F) . (7)
Ultimately, the application of the soul-flatness (horizontal-
ity) condition (dA) = dA(M) leads to the following rela-

tionships between extra secondary fields and basic fields
(and their derivatives) (see e.g. [11,12] for all the details):

Ry, (z) =0, C(x) Ry (z) = 0,C(x),
():g( ) 0, Su (#) = 9B (), (8)
B(z)+B(z)=0 B(z)=B(z)=0

The insertion of all the above values in the expansion (4)
leads to

BY (2,0,0) = A, (z)+ 0 8,C(x)+ 09,C(x)

+i000,B(x),
FM® (2,0,0) = C(z) —i6 B(z),
F® (2,0,8) = C(z)+i0 B(x), 9)

where our starting super expansion for the multiplet su-
perfields of (4) has changed to B,, — B,S JF—FW F
F) after the application of the horlzontahty condltlon As
a result, AN — fl(;) = dx“B,(Lh) +doF ™M + dgF™ in (6).
In fact, the above reduction leads to the derivation of the
(anti-)BRST symmetries for the gauge and (anti-)ghost
fields of the Abelian gauge theory. In addition, this exercise
provides the physical interpretation for the (anti-)BRST
charges Q (4 as the generators (cf. (3)) of translations (i.e.
(Limg_,,(0/00), Limg_,¢(0/060)) along the Grassmannian
directions of the supermanifold. Both these observations
can be succinctly expressed, in a combined way, by re-
writing the super expansion (3.6) as

Au() + 0 (sapAu(z)) + 0 (spA,(2))
+ 00 (spsapAu(z)),

FM (2,0,0) = C(x) + 0 (saC(x)) + 0 (s5C(x))

+ 00 (sp sapC(7)),

C(z)+ 0 (saC(x)) +0 (s5C(x))

+66 (sb sabC_’(x)) ,

. ~
BM (2,0,0) =

FM (x,0,0) =
(10)

where it is evident that s,C =0 and s,,C = 0 have been
taken into account. In fact, it is because of these inputs
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that the above expansion appears so symmetrical when ex-
pressed in terms of the (anti-)BRST transformations sq)s.

4 Symmetries for the Dirac fields:
augmented superfield approach

It is obvious from the definition and property associ-
ated with the covariant derivative D,y (z) = J,¢(z)+
ieA,(x)y(z) that an interesting combination of the U(1)
gauge field A, and the matter (Dirac) fields, through this
derivative (i.e. ¥(z)D,y(z)), is a gauge (and, therefore,
BRST) invariant quantity. In what follows, we shall de-
rive the exact and unique expressions for the nilpotent
symmetry transformations (2) for the matter fields by de-
manding the invariance of this gauge invariant quantity on
the supermanifold. This statement can be mathematically
expressed by the following equation:

U(z,0,0) <ci—|—ie AE}L ) v(z,0,0)

— () (d+ieA<1>) W), (11)

where d and A1) are the super exterior derivative and su-
per 1-form connection (cf. (6)) on a six (4, 2)-dimensional
supermanifold and d = dz*0,, and A = = dz* A, are their
counterparts on the ordlnary 4D Minkowskian space—time
manifold. In particular, AEl) da?“B(h +doF™) - doF™

is the expression for A after the application of the hor-
izontality condition (cf. (9)). The general super expansion
of the superfields (¥, ¥)(z, §,0), corresponding to the ordi-
nary Dirac fields (1, ¢)(x), is taken as follows:

U(x,0,0) =
U(x,0,0)=

P(x)+10bo(z) +10b1(x)+160 0 f(z).
(12)

It is clear that, in the limit (8, 8) — 0, we get back the Dirac
fields (v, ) of the Lagrangian density (1). Furthermore,
the number of bosonic fields (b1, by, b2, b2) matches that of
the fermionic fields (1,4, f, f), so that the above expan-
sion is consistent with the basic tenets of supersymmetry.
It is straightforward to see that there is only one term
on the r.h.s. of (11), which can be explicitly expressed
as dzt [Y(x) (0, +ieA,(x)) ¥(x)]. However, it is evident
that on the L.h.s. we shall have the coeflicients of the dif-
ferentials dz*,df and df. To compute explicitly these co-
efficients, let us first focus on the first term of the l.h.s.

of (11):
@ (z,0,0) d¥(z,0,0)
=W (dz" 0,) W+ (df Oy) W+ (dO ) ¥, (13)
where it can be readily checked that 9p¥ = ib; +iff and
0¥ = ibs —i0f. Taking the help of the anticommuting
properties of the Grassmannian variables and their differ-
entials, we obtain the following explicit expressions for the
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coefficients of df and df from (13):
—(d9) [i 0 by ~i0 (& ~ibiby)
0/ (b2b1)—00 (b £+ [ B1) |
— (df) {iﬁ)bﬁ-w (¢ f+1iby by)
“0(bab) 00 (ba f b))} (1)

where we have exploited df ¥ = —¥ df, etc., and the ex-
pansion of (¥, ¥)(z,0,0) from (12). Using, once again, the
anticommuting properties (i.e. 02 = 6% = 0,00 + 00 = 0) of
the Grassmannian variables # and 6, we obtain the follow-
ing explicit expression for the coefficient K, (z, 0,0) of dz*
from the first term of (13), namely

(dz*) K ,(x,0,0) = (da*) [ {80} () +10 L, (x)
+i0 M, (z)+i6 éNu(x)} )
(15)

where the long-hand expressions for L,(x), M,(z) and
N, (z) are

Lu(l’) :BQ @w—ﬁ)au 61,
Mu(l’) :b1 @w—ﬁ)au bg,
NM(.’L') :158,,, f+f8,ﬂ/1+l ([_)2 au bz—bl 8,L l_)l) .

(16)

Let us concentrate on the explicit computation of the
coefficients of dz*,df and df that emerge from the sec-
ond term of the Lh.s. of (11) (i.e.ie ¥ flgi) ¥). This term,
written in the component fields, has the following clear
expansion:

:}LL)) ¥(z,0,0)

—ie [@7 (dx“ Bfﬁ>) a7 (d@f“”) a7 (déf<h>) w} :
(17)

ie¥(z,0,0) flE

where we shall be using the neat expressions for the expan-
sions (9) obtained after the application of the horizontality
condition. It is clear that the latter two terms of (17) lead
to the computation of the coefficients of df and df. These
are as quoted below:

—iedd (z/?éw) feddd (J;C*bz _$Bb+ blc’*w)
Yeddo <1/36_'51+BQC_'1/1) Yeddod

x [6CF + FCw+i (0101 + 52 By~ 02C — BB ) |
—iedd (1/701/;) edio (1/7051 LB+ Bzcw)
teddd (@Cbﬁblcw) ,

tediod [¢Cf+fcw+i

x <b1051 4 b1 Bt — byChy — &BbQ) } :
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The space-time component (i.e. the coefficient E,(z, 0, §)
of dz*) that emerges from the expansion of the first term of
(17) is given below:

(dz")E,(x,0,) = (dz*) [ie {PA P} () +0 Fy(x)
+0G,(z)+ 0 éH,L(x)} .
(19)

The exact expressions for F,(z),G,(z) and H,(z), in
terms of component fields, are

Fu(z)=e[p Ay by —i9 0,0 ¢ —by A, 9],

Gu(z)=e (YA bo—i 8,Cp—by A,ﬂ/}),

Hy(z)=—e YA, f+fA =0 0,C b+ 0,Cb
+1 0, BY+iby Ay by —iby A, by
—b19,C ¢ +b20,C ).

It should be noted that the above equations (19) and (20)
have emerged from the first term of (17). Now, we first set
the Grassmannian components (i.e. the coefficients of df
and df)) equal to zero because there are no such types of
terms for comparison on the r.h.s. of (11). From equations
(14) and (18), we obtain the following terms with d@:

(20)

—idf ($by+edCy) +1d9 b
X [z/?f—ibJ)l “ie (wbr@wbl@) }
8 [ baby +(@Chy+5:C) |+ 00
x [52f+ﬁ1 —I—e{ GCf + FCub
+i <b1€’l_)1 + by Bp— byCby — J;Bl‘)l)} } . (21)

Setting equal to zero the coefficients of df, d6(6), d9(0) and
df(69) independently leads to

by =—eCy, f—iepChy+iep By =0,
Bab + e ($08, +B200) =0,
bof + fbor +e {oCf+ fFCp+i
% (b10By + B — 5aCby — $BBy) } = 0.
(22)

In the second entry, we have used —ib1by —iebiCyp = 0 be-
cause by = —eC. The analogue of (21), which emerges

from (14) and (18) with the differential df, is as follows:
—idd (¢b2 +e¢0¢) —idfg

x [@f+152b2+ie (1/7051+z/73¢+520¢)}

+dA [b1b2+e(1ZC’b2+blCz/J) } +dAoa

x [blf—l—be—l—e{JJCf—i—wa—l—i

x <b10131 4 b1 B — boChy — &BbQ)} } :
(23)
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For 1) # 0, we obtain the following independent relations
from the above equation:

by = —eCip,
¥ f +iepChy +iep By =0,
bibs + e(¢0b2 n ble) -0,
bif + oo e {GCS + FCu +i

x <b1051 4 by Bt — byChy — &Bbz) } —0.
(24)

In the above, in the second entry, ibybs +iebyC1p = 0 has
been exploited due to the fact that b = —eCy. It can be
readily checked that the equations (22) and (24) allow the
following expression for f as the solution to the second en-
tries of both of them:

f=—ie(B+eCC)y. (25)
The substitution of all the above values for b1, by and f in
(12) yields the following expansion of the superfield ¥ in
the language of the (anti-)BRST transformations (2):

U(x,0,0)

= () +0 (saptp(2)) +0 (503 (2)) +0 0 (sp5aptb(2)) -
(26)

It will be noted that, so far, the third and fourth entries of
(22) and (24) have not been exploited. We shall comment
on them a little later (see (33)).

Now the stage is set for the discussion of the coefficients
of dz* that emerge from (15) and (19). It is straightforward
to check that the coefficients of the pure dz* from the Lh.s.
and r.h.s. do match. Furthermore, the coefficient of dx* 6
ought to be zero because there is no such term on the r.h.s.
The exact expression for such an equality is as follows:

e (@A# b9 0,C % —b2 A4, ¥)

i (B2 00— 6 8,01 = 0. (27)
Exploiting the values of b; and by from (22) and (24), the
above equation leads to the following useful equation for
the unknown local parameter field by (z):
i(l_)g—kez/;é)(auw—kiefluw) —0. (28)
This yields the value for by to be —eypC (i.e. by = —elhC).
It is clear that D,y = 0,9 +ieA,p #0 for an inter-
acting U(1) gauge theory because the interaction term
—eypy* A, is hidden in the covariant derivative, in the

sense that it emerges from iz/_J'y“D,Lw. Setting equal to zero
the coefficient of dx* 6, we obtain

e (J;Au by—i% 0,0 —bi A, w)

+i (b1 O =D 0ub) =0 (29)
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Substituting the value of by (i.e. by = —e C'v), we obtain
the following relation for an unknown local parameter com-
ponent field b1 (x) of the expansion (12):

i<b1+e¢0)(8#w+ieAﬂ¢) -0. (30)

The above equation produces the value of b; as —e 1) C in
a unique fashion. Ultimately, we now focus on the com-
putation of the coefficient of dz* 6 8, which will naturally
be set equal to zero because there is no such term on the
r.h.s. Mathematically, the precise expression, for the above
statement of equality, is as follows:

—e [P A F+F A =D OC+ D OuCh+ 1 8,B Y
4iby Ay by —iby Ay by — by 8#6_'1/)—1—523#01/1}

1[0 0uf+ F 0o+ (b Ouba— b1 Bub1) | =0, (31)
Substituting the values b; = —e}ZC, by = —eC, by =
—eC, by = —epC, f = —ie(B+eCC) 1), we obtain the fol-
lowing relationship for the unknown local parameter field

f@):

i(f-ieypB+ie? P CO) (9up+ied, ) :o.( |
32

The above relation yields the expression for f(x) in terms
of the fields of the (anti-)BRST invariant Lagrangian dens-
ity (1). Together, all the local (unknown) secondary com-
ponent fields, in the expansion (12) of the superfields
(U, ¥)(x,0,0), are as follows:

blz—el/_JC,
512—601/),
f=—ie[B+eCC],

bg :—QCI/J,
by = —eyC,
f=+iey [B+eCC]. (33)

It is worthwhile to mention that exactly the same ex-
pressions as quoted above were obtained in our earlier
work [11], where the invariance of the conserved matter
current on the supermanifold was imposed. However, the
above solutions in [11] were not mathematically unique.
In our present endeavor, we have been able to show the
uniqueness and exactness of the solutions (33). Further-
more, the solutions (33) do satisfy all the conditions of (22)
and (24) which have appeared as the third and fourth en-
tries. With the values from (33), the super expansion of the
superfield ¥(z,0,0), in the language of the (anti-)BRST
transformations (2), is as illustrated below:

(2) + 6 (sap¥(2)) +0 (sp80(2)) + 6 6 (spsaptp(z))
(34)

U(x,0,0)
=9

The above expansion, in terms of s(4);, bears exactly the
same appearance as its counterpart in (26) where the ex-
pansion for the superfield ¥(x, 0, §) has been given.
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5 Conclusions

The long-standing problem of the derivation of the nilpo-
tent (anti-)BRST symmetry transformations for the mat-
ter (e.g. Dirac) fields of an interacting gauge theory (e.g.
QED), in the framework of the superfield formalism, has
been resolved uniquely in our present endeavor. We have
invoked an additional gauge invariant restriction (cf. (11)),
besides the usual horizontality condition (cf. (5)), on the
supermanifold to obtain the off-shell nilpotent symmetry
transformations for the Dirac fields of QED.

It is very interesting and gratifying that both the re-
strictions on the supermanifold are complementary and
consistent with each other and, more importantly, they are
intertwined in the sense that they owe their origin to the

nilpotent (super) exterior derivatives (d)d and 1-form (su-

per) connection ([l(l) JAM | The present extended version
of the usual superfield formalism, which leads to the deriva-
tion of mathematically exact expressions for the off-shell
nilpotent (anti-)BRST symmetry transformations associ-
ated with all the fields of QED, has been christened as the
augmented superfield approach to the BRST formalism.

It is worthwhile to note that the horizontality condition
(cf. (5)) on the supermanifold (that leads to the derivation
of exact nilpotent symmetry transformations for the gauge
and (anti-)ghost fields) is precisely a gauge covariant state-
ment because, for the non-Abelian SU(N) gauge theory,

the 2-form curvature F®) transforms as F(?) — (F?)) =
UF®U-! (with U € SU(N)). It is another matter that it

becomes a gauge invariant statement (i.e. F(?) — (F)) =
UF®AU~! = F)) for our present case of an interacting
Abelian U(1) gauge theory. In contrast, the additional re-
striction (11), invoked on the supermanifold, is primarily
a gauge invariant statement. In fact, its gauge covariant
version on the supermanifold leads to absurd results (even
for the simplest case of an interacting Abelian U (1) gauge
theory), as can be seen explicitly in the appendix.

Our present theoretical arsenal of the augmented su-
perfield formalism has already been exploited [18,19] for
the derivation of the exact and unique nilpotent symmetry
transformations for (i) the complex scalar fields in inter-
action with the U(1) gauge field (see e.g. [11,12] for ear-
lier works) and (ii) the Dirac fields in interaction with the
SU(N) non-Abelian gauge field (see e.g. [14] for our ear-
lier work). As is evident from our discussions, B,,F,F
form the vector multiplet of the 1-form superfield A1) =
dzM A - One of the most intriguing questions, in this con-
text, is to find some multiplet of a superfield that can ac-
commodate the spinor superfields ¥(x, §, ) and ¥(x, 6, 0).
So far, we have not been able to find this multiplet. It
would be interesting to find the answer to this question.

6 Tn the known literature on the usual superfield formulation,
only the nilpotent BRST-type symmetry transformations for
the gauge and (anti-)ghost fields have been derived without any
comment on such types of transformations associated with the
matter fields of an interacting gauge theory [1-5, 10]. However,
in our recent works on the augmented superfield formalism [11—
16], this problem has been addressed.
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These are some of the immediate and urgent issues that are
under investigation at the moment and our results will be
reported in future publications [20].
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Appendix: A

Let us begin with the gauge covariant version of (11),
namely
¢! = .

(d+1eA§h>)) W (2,60,0) = (d+ieAM) p(z), (A1)
where the symbols carry their usual meaning, as discussed
earlier. It is clear that the r.h.s. of the above equation
(i.e. dz# (0, +ieA, )y (x)) contains a single differential dz*.
However, the Lh.s. would yield the coefficients of the differ-
entials dz/, df and df. In fact, the Lh.s. consists of d¥ and
ieAE}L))W. The former term can be written as

d¥ = da* (9, +100,by +100,,b> +1000,, f)

+idf (by+0f) +idf (b — 0 f) , (A.2)
and the latter term can be explicitly expressed as
ieflgi))kv(x, 6,0)
—ie | da*BY +doF ™ +ddF™ | w(a,0,0).
(A.3)

The latter two terms of the above expression yield the fol-
lowing coeflicients of df and d#:

iedd (Cy) +edf(6) (Cby) +edd (9) [Cba — Bip]

—edf (09) [Cf—iBb] , (A4)
iedf(C1p) + edf(0) [Cby + Bip] +edf (9) (Cbs)
+edf(00)[Cf —iBby). (A.5)

It is straightforward to note that the above coefficients
would not emerge from the r.h.s. Thus, these coefficients
would be set equal to zero. Equating the coefficients of df,
do(0),do(0) and df(H0) equal to zero, we obtain the follow-

ing conditions:

1_71 = —€é1p,
f=—ie(By—Cby) ,

Cb1 =0,

Cf—iBb; =0. (A.6)
It should be noted that, in the above computation, ex-
actly similar types of terms have been collected from (A.2)
and (A.4). It is obvious that the second and fourth con-
ditions are satisfied if we take into account the value of
b1, f and exploit the condition C? = 0. Similarly, we col-
lect the terms of similar kinds from (A.2) and (A.5) and set
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the coefficients of df, d9(6), d9(9) and df(09) equal to zero
separately and independently. These lead to the following
conditions:

by = —eC),
Cby =0,

f=—ie (B’(/J—chl) ,
Cf—iBby=0. (A.7)
It is evident that, in the above, the third and fourth con-
ditions are satisfied. Finally, exploiting the conditions in
(A.6) and (A.7), we obtain the following:

l_)l = —GC'I/J, by = —601/17

f=—ie(B+eCC)y. (A.8)

It is worth emphasizing that the above results are also ob-
tained from the gauge invariant condition (11) when we set
equal to zero the coefficients of df and df. The key differ-
ence between the gauge invariant condition (11) and the
gauge covariant condition (A.1) is found to be contained in
the coeflicients of dz*. To make this statement more trans-
parent, we expand the first term (i.e. ie dz# B,(Lh)) of (A.3)
as follows:

iedz" [Auw +i0 (Ayby —i0,Cp)

Fi(Aby —i0,C0) + ieéQﬂ] . (A9)
where the explicit expression for the quantity @, is
Qu=A,f+0,BY+08,Cb; —9,Cby. (A.10)

A careful observation of the equations (A.2) and (A.9)
demonstrates that there are coefficients of dz*, dx*(6),
dxz*(0) and dx*(00). It is straightforward to note that the
coefficient of pure dz* from the 1.h.s. does match with the
one that emerges from the r.h.s. The coefficients of da*(6),
dz*(0) and dz* (00) are listed below:

dz* (6) {i@ugl —eA,by +ied, Cyp } )
dz* (0) [iaﬂbQ —eAuby+ ieaﬂcw] ,

dz* (09) [ i0,f — eA,f +€8,Cby — 8,Chy — €0, B ] .
(A.11)

As is evident, these coefficients are set to zero to have con-
formity with the gauge covariant condition in (A.1). The
substitution of the values from (A.8) into the above condi-
tions leads to the following restrictions:

—ieCD,Yp =0, —ieCD,y =0,

e(B—eCC)D,yp =0. (A.12)

The above restrictions do not lead to any physically inter-
esting solutions because they imply that D,y =0 for C #
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0,C #0,B # eCC. However, for an interacting Abelian
U(1) gauge theory, this condition is absurd. The other
choices, for instance, the conditions: C = 0,C =0 and B =
eCC (for D,y #0), are also not acceptable. Thus, we
conclude that the gauge covariant condition (A.1) does

not lead to exact derivations of the nilpotent symmetry
transformations for the matter fields in QED. In contrast,
the gauge invariant restriction (11) does lead to exact
derivations.
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